Herein, fundamentals of topology and symmetry breaking are used to understand crystallization and geometrical frustration in topologically close-packed structures. This frames solidification from a new perspective that is unique from thermodynamic discussions. Crystallization is considered as developing from undercooled liquids in which orientational order is characterized by a surface of a sphere in four-dimensions (quaternion) with the binary polyhedral representation of the preferred orientational order of atomic clustering inscribed on its surface. As a consequence of the dimensionality of the quaternion orientational order parameter, crystallization is seen as occurring in a "restricted dimensions." Homotopy theory is used to classify all topologically stable defects, and third homotopy group defect elements are considered to be generalized vortices that are available in superfluid ordered systems. This topological perspective approaches the liquid-to-crystal transition from the fundamental concepts of Bose-Einstein condensation, the Mermin-Wagner theorem and Berezinskii-Kosterlitz-Thouless (BKT) topological ordering transitions and thereby generalizes the concepts that apply to superfluidity in "restricted dimensions" to the formation of the solid state.
I. INTRODUCTION
This article focuses on the elucidation of the ordering mechanisms that lead to solidification of undercooled atomic liquids into crystalline ground states. A topological viewpoint is pursued on the liquid-to-solid transition, which unifies several perspectives. This topological viewpoint on three-dimensional crystallization makes use of a quaternion orientational order parameter and is an extension of BoseEinstein condensation phenomena in superfluids (complex).
General features of Bose-Einstein condensation of superfluids, for which the free energy function is a 'Mexican hat' and vortices are available as topological defects, are discussed in Section II. Spontaneous symmetry breaking in bulk is distinguished from topological ordering in "restricted dimensions" (Mermin-Wagner theorem 1 ), and the manifestation of a frustration-induced quantum phase transition in "restricted dimensions" is introduced. In Section III, the concept of Bose-Einstein condensation is generalized to understand crystallization by making use of a quaternion orientational order parameter. The notions of Berezinskii-Kosterlitz-Thouless topological ordering transitions 2, 3 in "restricted dimensions," and frustration, are therein generalized beyond superfluids (complex) to the formation of crystalline solid states (quaternion) including topologically close-packed structures 4, 5 .
II. SPONTANEOUS SYMMETRY BREAKING AND ORDERING IN "BULK" AND "RESTRICTED DIMENSIONS" FOR SUPERFLUIDS
Ordered states of matter may be characterized by considering the relevant symmetry breaking processes that lead to their realization at low-temperatures. High-temperature (disordered) systems with full orientational O(n) symmetry have the topology of 6 a unit spherical surface M:
a) Electronic mail: caroling@cmu.edu b) Electronic mail: laughlin@cmu.edu M = S n−1 ∈ R n . In a bulk dimension, an ordered system can develop by spontaneous symmetry breaking (SSB) that takes on a particular ground state 7 selected from among the degenerate ground states on M. This ground state is characterized by a finite amplitude of the relevant order parameter, and the order parameter points to a particular orientation (ground state) on M that applies globally.
A well-known example of SSB is the formation of superfluid Bose-Einstein condensates of electrons or helium particles, by broken U (1) symmetry. At high-temperatures, above the Bose-Einstein condensation temperature (T BEC ), the system is disordered/normal and the free energy is (hence) minimized at the origin of the complex plane (Fig. 1A) . This free energy is invariant under the symmetry of complex rotations ψ → e iθ ψ, where θ ∈ [0, 2π]. SSB is possible in "bulk" complex ordered systems (threedimensions) below the superfluid transition temperature T BEC , and the free energy is minimized in the superfluid state for a finite amplitude of a complex order parameter and for any particular ground state ( Fig. 1 B and C) .
In contrast to SSB that can occur in "bulk" dimensions, by the Mermin-Wagner theorem 1 , systems that exist in "restricted dimensions" are prevented from undergoing a conventional disorder-order phase transition (by SSB) at finite temperatures. In complex ordered systems (i.e., superfluids), 2D and 1D are considered to be "restricted dimensions" as a consequence of the abundance of misorientational fluctuations (in θ) that develops just below T BEC and prevents phase-coherency. In these scenarios, a finite amount of undercooling (below T BEC ) is required prior to the formation of a phase-coherent superfluid state at lowtemperatures. Phase-coherent superfluid states, that develop in "restricted dimensions," do so by a BerezinskiiKosterlitz-Thouless (BKT) type topological ordering transition within the gas of misorientational fluctuations that take the form of vortex point defects and anti-defects. In such systems, since both the energy and entropy of isolated point defects depends logarithmically on the system size, energy dominates the thermodynamics at low-temperatures and these defects will bind into low-energy (sum-0) pairs at the BKT transition temperature. This topological ordering event enables the existence of a superfluid ground state in . (A,B) The vertical axis represents the superfluid free energy, f = α|ψ| 2 + β|ψ| 4 , for a complex order parameter field ψ = |ψ|e iθ . The horizontal axes are the real and imaginary parts of ψ in the complex plane. (A) For T > TBEC , α > 0, β > 0 and, the U (1) symmetry group of a high-temperature fluid is unbroken and the free energy is at a minimum for ψ = 0. The free energy is invariant to complex rotation ψ → ψe iθ , and may therefore be rotated about the vertical axis for θ ∈ [0, 2π]. (B) For T < TBEC , α < 0, β > 0 and, the superfluid spontaneously breaks the U (1) symmetry at the origin (ψ = 0) by adopting a particular ground state on M = S 1 . The complete manifold of degenerate ground states has O(2) symmetry, and is known as the 'Mexican hat.' (C) A schematic of the grounds state manifold of a superfluid Bose-Einstein condensate M = S 1 of radius |ψ| = α/2β and orientation θ ∈ [0, 2π].
"restricted dimensions." Superfluid systems that exist in "restricted dimensions" are well-modeled mathematically using O(2) quantum rotor models 8 , more commonly known as Bose-Hubbard models 9,10 , on D−dimensional lattices (for D ≤ 2). These models allow for the manifestation of frustrated ground states, as a function of the ratio between the interaction strength to the hopping amplitude that describes the mobility of bosons in the system. At zero temperature, in the thermodynamic limit, the system can be tuned between phasecoherent superfluid and phase-incoherent insulator states that are connected by a quantum phase transition 8 . These low-temperature states are achieved by dual BerezinskiiKosterlitz-Thouless transitions 11,12 , of condensed particle and topological defect degrees of freedom. For example, in the laboratory, in charged superfluids (superconductivity) a perpendicular magnetic field acts to explicitly drive an asymmetry in the concentrations of magnetic vortices so that those with a sign corresponding to the direction of the external field becomes dominant 13, 14 . With critical applied magnetic field, the quantum phase transition can be achieved and the phase-coherent superfluid is destroyed.
In Section III, the formation of crystalline ground states from clustered undercooled atomic fluids is discussed. In three-dimensions, a quaternion orientational order parameter characterizes the degree of atomic clustering in the undercooled fluid. In this work, crystallization is considered to be a direct higher-dimensional analogue to the formation of superfluids in "restricted dimensions."
III. FORMATION OF CRYSTALLINE SOLIDS FROM UNDERCOOLED ATOMIC FLUIDS
As a higher-dimensional realization of orientational ordering in "restricted dimensions" (Mermin-Wagner), consider the process of crystallization in three-dimensions. Above the melting temperature T M , unclustered particles rotate fully in three-dimensions and the full orientational symmetry group is G = SO(3). In considering the structure of topological defects throughout the system (by homotopy theory 15, 16 ), it is important to make use of the universal covering space a of SO(3) which is SU (2). The unitary group of degree two has the topology of a spherical surface in four-dimensions (i.e., S 3 ∈ R 4 ). The unit quaternions provide the group structure for SU (2) ∼ = S 3 , just as unit complex numbers do for U (1) ∼ = S 1 (see Figure 2 ). On spontaneous symmetry breaking of a compact group 17, 18 , i.e., complex (C) or quaternion (H), a set of Goldstone modes are anticipated as a consequence of the number of imaginary generators that up the group 17, 18 . Hence, a single Goldstone mode (phonon) is anticipated on spontaneous symmetry breakdown of the U (1) group (superfluids) and a set of three Goldstone modes (phonons) are anticipated on the breakdown of SU (2) symmetry. In phase-coherent superfluid helium states of broken U (1) symmetry, this single long-wavelength Goldstone mode is responsible for the "second sound" that allows for heat transfer [19] [20] [21] [22] . Likewise, it is anticipated that the three phonon modes responsible for heat transfer in threedimensional crystalline solid states (1L, 2T) are the Goldstone modes anticipated by the breakdown of SU (2) symmetry.
Furthermore, the number of imaginary generators elucidates the characteristics of topological defects available to the Bose-Einstein condensate. Just as Bose-Einstein condensates of broken U (1) symmetry (superfluids) permit π 1 (S 1 ) vortices, that concentrate external complex rotational fields, Bose-Einstein condensates of broken SU (2) symmetry permit π 3 (S 3 ) topological defects that concentrate external three-dimensional rotational fields. Just as vortices are points in two-dimensions and act to the prevent the development of conventional orientational order at finite temperatures in 2D and 1D (Mermin-Wagner theorem), π 3 (Sat finite temperatures in 4D and 3D. Undercooling below the melting temperature is therefore analogous to the prevention of SSB at the "bulk" Bose-Einstein condensation transition temperature (T BEC ) in 2D and 1D complex ordered systems.
Crystallization may occur after a finite amount of undercooling, as the clustered atomic fluid selects a particular orientational ground state from among the set of degenerate ground states on M. That is, the translational order obtained on the formation of a crystalline lattice (after a finite amount of undercooling) is coincident with the development of global orientational order (Bose-Einstein condensate). At the crystallization transition, by the adoption of an orientationally-ordered ground state, the topology of the relevant order parameter space changes from a sphere to a torus. Specifically, in spatial dimensions D ≥ 2, the spherical orientational order parameter space (M) of the undercooled liquid changes discretely at the crystallization transition by "adding a handle" to its surface 7, [25] [26] [27] [28] . This forces the D−dimensional spherical order parameter space to decompose into the Cartesian product of D-spheres:
where The next higher-dimensional algebra domain, forming a compact group, are the quaternion numbers (H). The product of quaternion numbers may be seen as 90
• -rotations in the quaternion plane that spans the 4D basis {1,î,ĵ,k}. Just as complex numbers are formed as pairs of real numbers and an imaginary unit (î), quaternion numbers may be formed in a similar manner as pairs of complex numbers: q = (x1 + y1î) + (x2 + y2î)ĵ whereîĵ =k andî 2 =ĵ 2 =k 2 =îĵk = −1. When x solids may be elucidated by considering the discrete change in topology of M at the crystallization transition (Ref. 24) . The change in topology of the order parameter manifold at the crystallization transition, as the genus topological invariant changes from zero to one, implies a change in the structure of the fundamental homotopy group 15,16 of topological defects ( Figure 3) .
The genus topological invariant comes from the integration of curvature over the surface, and is quantified directly via the Gauss-Bonnet theorem 29, 30 . Spherical surfaces have positive integral Gaussian curvature, and toroidal surfaces have zero integral Gaussian curvature. Thus, the discrete change in topology of the order parameter manifold at the crystallization transition (Eqn. 1) is (in essence) a flattening of atomic vertices in order to develop translational order that fills Euclidean space. In light of this, it is not surprising that many authors have made use of a flattening method to model the crystallization process [31] [32] [33] [34] [35] [36] [37] . The flattening method that is most commonly used is an extension of the standard Volterra process 38 , known as the "iterative flattening method." By the "iterative flattening method," the curved order parameter space that is tessellated by preferred short-range orientational order 32 is unwrapped into an infinite tiling of Euclidean space.
To further emphasize the importance of topology in the crystallization phase transition, Figure 4 shows a typical pressure-temperature phase diagram where the single phase fields are delineated along with their order parameter space. On the development of translational order, the discrete change in the genus of the order parameter space ensures that the crystallization transition is discontinuous (first order). Therefore, in contrast to liquid to vapor transitions, there is no critical point for liquid to crystalline solid transitions. In particular, the discrete change in the genus of the order parameter space at the crystallization transition (Figure 3) implies the topological ordering of closed-loop defects (wedge disclinations) into translational closed-loop defects (dislocations) that are excitations from the crystalline ground state. It is this discrete change in the topological structure of defects that reflects the discontinuous nature of the liquid-to-crystalline solid transition.
Physically, in addition to third homotopy group defects, due to atomic clustering wedge disclinations are also spontaneously generated and act to prevent the formation of a crystalline solid state at the melting temperature. Ultimately, in order to achieve a crystalline solid at finite temperatures, a topological ordering event within this gas of wedge disclinations is required. This topological ordering event forces complementary wedge disclinations ( XY models 2, 3, 43 . In the absence of geometrical frustration, every lattice site in the crystalline ground state is equivalent and it is free of all topological defects. This is possible because, the plasma of topological defects that develops just below the melting temperature is balanced between the concentrations of topological defects with equal and opposite signs ( Fig. 5A and B) . In Sections III A and III B, crystallization phase transitions in 2D and 3D are considered from a topological viewpoint in the absence and presence of geometrical frustration.
A. Crystallization in two-dimensions
For purposes of illustration, consider the crystallization process in 2D using the "iterative flattening method." For two-dimensional solidifying fluids, below the melting temperature, the degree of orientational order is related to the regular tessellation on the surface of a sphere in threedimensions (S 2 ∈ R 3 ) by the preferred orientational order of atomic clustering. Hence, regular polyhedra that tessellate S 2 ∈ R 3 act as ideal curved space models of orientational order in 2D undercooled atomic fluids. Only two of the five regular polyhedra, cubes ({4, 3} ∈ S 2 ) and tetrahedra ({3, 3} ∈ S 2 ), are developable b in flat (Euclidean) plane, these periodic nets are discussed in Section III A 1. Crystallization of short-range orientational order that is not developable in flat space, i.e., that is considered to be geometrically frustrated, will be discussed in Section III A 2.
Absence of geometrical frustration
The two regular periodic tilings of the Euclidean plane are by squares and by equilateral triangles, which have the Schläfli notation c of {4, 4} and {3, 6} respectively. These 2D periodic nets can be generated by unwrapping the relevant developable curved space tessellations of vertices, that characterize orientational order in the undercooled fluid, onto the plane. In particular, square nets ({4, 4}) can be generated by flattening cubic tessellations {4, 3} ∈ S 2 onto the plane. In doing so, the coordination at each vertex increases from three to four so that square faces may generate infinite tilings (Fig. 6 A) . Similarly, on unwrapping tetrahedra {3, 3} ∈ S 2 each vertex becomes six-fold 31 in order to generate the {3, 6} infinite tiling (Fig. 6 B) . These periodic tilings are free of permanent disclination topological defects in the ground state, and the topological defects that act as excitations from the ground state are dislocations.
b Developable curved surfaces may be flattened into infinite tilings without distortion or the introduction of permanent defects. c Schäfli notation defines 44, 45 regular tessellations in arbitrary dimensions in the form {p, q, r, ...}. In two-dimensions, {p, q} gives a description of the system by accounting for the number of edges of each face (p) and the number of faces that meet at each vertex (q); in three-dimensions, the Scläfli notation is {p, q, r} and r is the number of polyhedra cells per near-neighbor bond. 
Presence of geometrical frustration
Solidifying systems with five-fold symmetries are unable to generate infinite tilings of the Euclidean plane 47 , in contrast to systems with short-range orientational order that is developable in flat space. This is a consequence of geometrical frustration 36 . For instance, the dodecahedron {5, 3} ∈ S 2 can only be unwrapped onto the plane by the introduction of permanent defects (Fig. 7 A) .
Ordered arrangements of topological defects in geometrically frustrated solids have been evidenced in physical (three-dimensional) crystalline systems, in cases of icosahedral short-range orientational order 4, 5 . These crystalline solids, known as Frank-Kasper phases 4, 5, 48 , are topologically close-packed (TCP) and the ordered network of permanent disclination lines that allows for their structural stability is known as the "major skeleton" network 45 . In order to generate a geometrically frustrated crystalline structure, using the "iterative flattening method," the vertices of a particular orientational order parameter space are first inscribed onto the faces of a developable surface 36 and then mapped into flat space.
As a two-dimensional example using the "iterative flattening method" to generate a geometrically frustrated structure, consider the vertices of an icosahedron {3, 5} ∈ S 2 inscribed onto the faces of a cube (Figure 7 B ). Figure 7 C shows the infinite tiling of the plane made by the unwrapped the cell shown in Figure 7 B. This is a 2D analogue of 3D Frank-Kasper crystals. In these cases of geometrical frustration, in order to ensure that the system is spacefilling, permanent negative wedge disclinations are introduced at the vertices of the unwrapped cube (red squares), as an ordered "major skeleton network." In the event of geometrical frustration, there is intrinsic positive curvature that is associated with the preferred short-range orientational order of atomic clustering. Phys- ically, this intrinsic positive curvature (geometrical frustration) explicitly breaks the symmetry between the concentrations of disclinations in the undercooled liquid towards those that concentrate negative curvature at their core. This ensures that the overall Euclidean space remains flat. In scenarios of geometrical frustration 31, 36 , these excess negative wedge disclinations are unable to form bound states upon crystallization and will persist to the ground state as a periodic arrangement. These ordered networks of disclination topological defects in topologically close-packed structures are similar to Abrikosov vortex flux lattices that develop in frustrated thin-film superfluids 13, 49 .
B. Crystallization in three-dimensions
In three-dimensional undercooled fluids, local order due to atomic clustering may be characterized using a quaternion orientational order parameter space 32, 50 . Below the melting temperature, the full orientational symmetry group (G = SO (3)) is broken locally by atomic clustering such that the orientational order parameter space takes the form:
where H ⊂ SU (2) is the binary polyhedral group of H ⊂ SO(3). It has been shown that, owing to the dimensionality of the quaternion order parameter, solidiflying atomic systems in 4D or (3D+1t) models must be considered 23, 24 to exist in "restricted dimensions." This is a direct extension of the Mermin-Wagner theorem 1 , that applies to systems with continuous symmetries in 2D or (1D+1t) models. Just like in the XY model and superfluids that exist in "restricted dimensions," there is no possibility for conventional long-range orientational order to develop in real solidifying atomic systems at the melting temperature in three-dimensions.
As a consequence of solidification occurring in "restricted dimensions," for the quaternion orientational order parameter, an abundance of misorientational fluctuations develops just below the melting temperature that takes the form of a plasma of spontaneously generated topological defects that coexist with atomic clusters. Available topological defects belong to the first and third homotopy groups 15, 51 :
where Z = 0, ±1, ±2... is a lattice of integers. In physical 3D systems 51 , these topological defects are respectively: disclination lines and instantons.
In order to allow for the development of crystalline solids, a defect-driven Berezinskii-Kosterlitz-Thouless type transition 2,3 must occur within this gas of topological defects that otherwise prevent orientational order just below the melting temperature. Thus, just as in 2D XY models, undercooling below T M is necessary as a consequence of the phasedestabilizing nature of spontaneously generated topological defects. Ultimately, it is the formation of bound pairs of third homotopy group defects/anti-defects and bound states of complimentary disclinations that drives crystallization 24 at a finite temperature below the melting temperature (T defect-BKT < T M ). Three-dimensional crystallization, in the absence and presence of geometrical frustration, are discussed separately in Sections III B 1 and Sections III B 2. Finally, an anticipated phase diagram for solidification in the vicinity of critical geometrical frustration (a "self-dual critical point") is presented in Section III B 3.
Absence of geometrical frustration
In the event that the relevant orientational order parameter space that characterizes atomic clustering in the undercooled fluid (Eqn. 2) is developable in flat space, the crystalline solid state that forms is free of permanent topological defects at zero Kelvin 32 . This is possible because, in the absence of geometrical frustration, the plasmas of misorientational topological defects that coexist with atomic clusters (just below the melting temperature) are balanced such that there exists equal concentrations of topological defects with opposite signs. These balanced plasmas, of third and first homotopy group defects, can become entirely topologically ordered at low-enough temperatures 3, 23, 24 , by the formation of bound states via a defect-driven BKT-like mechanism.
The formation of a perfect crystal is therefore akin to the formation of perfectly phase-coherent superfluid ground states in "restricted dimensions," that are able to exist due to a prototypical BKT topological ordering transition within a balanced (classical) gas of vortices. Limiting ourselves to the discussion atomic clustering that has symmetries characterized by regular polytope, cubic crystal are the only space-filling regular tilings of 3D Euclidean space which derive from the hypercube {4, 3, 3}. These systems lack geometrical frustration and are hence flat everywhere. This is possible because no centers of concentrated curvature exist in the form of permanent topological defects.
Presence of geometrical frustration
In the presence of geometrical frustration, consider the flattening of the {5, 3, 3} polytope (120-cell) into 3D Euclidean space (Fig. 8) as a three-dimensional analogue to the flattening of the {5, 3} polyhedron into the plane (Fig. 6B) . As a consequence of geometrical frustration, permanent topological defects are required in the flat space. Just as {5, 3} and {3, 5} are dual to one another, the dual of the {5, 3, 3} polytope is the {3, 3, 5} polytope whose vertices are the 120-elements of the binary icosahedral group (i.e., the lift of Y ∈ SO(3) into SU (2)). Thus, the {3, 3, 5} polytope represents the orientational order parameter space of undercooled solidifying systems that exhibit an energetic preference for short-range icosahedral coordination of atomic clustering 32, 50, [52] [53] [54] . Such systems are geometrically frustrated, because, despite the realization of a regular "crystal" on the surface of the three-sphere in fourdimensions 32, 44, 50 . the preferred short-range orientational order (e.g., icosahedrally-coordinated systems) is unable to fill all of space (Fig. 8) .
Geometrically frustrated crystalline solid states are known as topologically close-packed (TCP); Frank-Kasper structures 5 , that express short-range icosahedral order, are a particular instance of TCP crystalline solids. Geometrical frustration is quantified as the curvature mismatch between the orientational order parameter space of the undercooled liquid M (Eqn. 2), and flat Euclidean space 32 . This curvature mismatch explicitly drives an asymmetry in the concentrations of positive and negative disclinations and third homotopy group defects (Eqn. 3), in order to ensure that the overall space remains flat on average 24 . In particular, excess negative wedge disclination lines neutralize remnant positive curvature that is attributed to atomic vertices that retain geometrically-frustrated coordination 36 . This is in analogue to magnetic frustration of O(2) Josephson junction arrays, that develop just below the bulk critical BoseEinstein condensation transition temperature in the presence of an applied magnetic field 11, 13 , which necessitates that the concentrations of magnetic vortices are shifted towards those that carry the sign corresponding to the direction of the external field 14 . In the presence of frustration, excess signed topological defects are unable to form bound pairs and persist to the ground state in a periodic manner 13 . This ensures an absence of configurational entropy at 0 K, in order to satisfy the third law of thermodynamics 55, 56 . In analogue to frustrated ground states of O(2) quantum rotor models 13 , geometrically-frustrated crystalline ground states no longer display perfect long-range orientational-order. Instead, the set of scalar phase angle parameters that characterize the orientational order parameter will vary from site to site to incorporate the major skeleton network of topological defects 32, 50 . A periodic array of signed third homotopy group defects, that are points in (3D+1t) spacetime, also persist to the ground state of TCP structures; however, unlike disclination lines, these topological defects are not observable as structural constituents in three-dimensions unlike the ordered "major skeleton network." Figure 9 depicts a schematic of an anticipated phase diagram for three-dimensional crystallization 24 , in coordinates of reduced temperature versus geometrical frustration. A finite amount of undercooling below the melting temperature (T M ) is required, prior to crystallization. A defect-driven BKT transition marks crystallization (T defect-BKT < T M ), separating the solid state from the undercooled fluid. With increasing geometrical frustration, T defect-BKT is suppressed in the same way that the transition towards a phasecoherent superconducting state of O(2) Josephson junction arrays is suppressed in the presence of a transverse magnetic field 11, 13, 14 . With increasing geometrical frustration, the distance between permanent topological defects in the ground state becomes minimized.
Anticipated phase diagram
Above a critical value of geometrical frustration, the concentrations of topological defects in the undercooled fluid become entirely biased such that bound states (e.g., dislocations) are unable to form and the ground state is no longer crystalline. In three-dimensions, the hypothetical solid state that forms at a critical value of geometrical frustration lacks translational order but retains short-range orientational order 24 . It has been suggested previously 24 , that the formation of a solid state at this critical geometrical frustration marks the so-called "ideal" glass transition that is referred to in the literature as the Kauzmann point 59 . The transition between geometrically-frustrated solid states and non-crystalline solid states, that occurs at the Kauzmann point, takes place at a finite temperature which corresponds to a first-order transition 61 . Non-crystalline solid states, that form above a critical value of geometrical frustration, are considered to be 'dual' orientationally- Τ/Τ Κ =1 Figure 9 . Anticipated phase diagram for crystallization, in coordinates T /TK versus geometrical frustration where TK is the finite Kauzmann temperature 59, 60 . A defect-driven BKT-like topological transition occurs at T defect-BKT , that separates crystalline solid states from undercooled fluids that develop below the melting temperature (TM ). With increasing geometrical frustration, T defect-BKT is suppressed towards a minimum value (the Kauzmann temperature, TK) that marks a first order transition between crystalline and non-crystalline solid states. disordered solids in which topological defects become BoseEinstein condensed instead of atomic particles. These condensed topological defects form a tangled arrangement in the non-crystalline solid state, and persist to 0 K, leading to finite residual configurational entropy in non-crystalline solid at 0 K. This is unlike the zero configurational entropy present in topologically close-packed crystalline structures.
IV. SUMMARY AND CONCLUSIONS
Two fundamental concepts that drive the manifestation of a particular ordered state of matter are: the topology of the order parameter space and, the spatial dimensionality of the ordered system. In this article, we have discussed a particular example of the role of topology in condensed matter physics by approaching the crystallization process in three-dimensions using a quaternion orientational order parameter. Owing to the fact that the solidifying system exists in "restricted dimensions," conventional orientational order is prevented at the melting temperature and undercooling is viewed as. In light of this, we have suggested that the crystallization process in three-dimensions is a higherdimensional realization of the formation of phase-coherent complex ordered systems in "restricted dimensions," twoand one-(Mermin-Wagner theorem).
We have emphasized that, it is the discrete change in the topology of the order parameter space upon the formation of a crystalline lattice (by the addition of a handle to the otherwise spherical surface) that forces the emergence of bound states of topological defects via a defect-driven BerezinskiiKosterlitz-Thouless like transition in three-dimensions. As a consequence of ordering in "restricted dimensions," geometrical frustration is possible in three-dimensional crystalline solid states. Geometrical frustration forces a periodic arrangement of signed topological defects into crystalline ground states which are known as topologically close-packed (TCP). Critical geometrical frustration entirely suppresses the crystalline ground state, at the Kauzmann point.
